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はじめに
• Unit System

• c = ℏ = 1
• −1 = 2 = 1

2 = 𝜋 = some constants = 1

• Slide Template by Tasuku Soma (U. Tokyo)
© Copyright Tasuku Soma

• URL for this study:
https://scrapbox.io/flagments/Wave_Equations
twitter.com/gandhara16
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Three sets of Basic Equations

Klein-Gordon Maxwell Dirac

𝜕2
𝜇𝜙 = m2𝜙 𝜕tB + ∇ × E = 0, etc. 𝛾𝜇𝜕𝜇𝜓D + m𝜓D = 0

Why look so different?

5 / 44



Geometric Algebra

• Geometric Algebra can show the three have identical
differential operator.

• ... but Geometric Algebra is not in the standard
arsenal of physicists.

• Here, the same result is obtained with a standard tool,
namely, matrix manipulation.
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Geometric Algebra

All you need in this talk is:

𝛾𝜇𝛾𝜈 + 𝛾𝜈𝛾𝜇 = 2𝜂𝜇𝜈

unit vector = algebraic object = 𝛾𝜇

(𝜂𝜇𝜈: metric)
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3D Vector Equations
Static Electric Field

∇ · E = 𝜌 , ∇ × E = 0 .

Static Magnetic Field

∇ × B = J , ∇ · B = 0.

Tactics
Express with Pauli Matrices �̂�i.
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Pauli Matrices

�̂�1 =

(
0 1
1 0

)
, �̂�2 =

(
0 −i
i 0

)
, �̂�3 =

(
1 0
0 −1

)
.

(hat mark = matrix)

All we need is:
1
2
(�̂�i�̂�j + �̂�j�̂�i) = 1̂𝛿ij

�̂�i�̂�j =

{
1̂ if i = j
−�̂�j�̂�i if i ≠ j

.
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Electric Field Equation with Pauli
Matrices

Dirac Operator

D̂ = �̂�1𝜕x + �̂�2𝜕y + �̂�3𝜕z .

Electric Field

Ê = �̂�1Ex + �̂�2Ey + �̂�3Ez .
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Electric Field Equation

D̂Ê =(𝜎1𝜕x + �̂�2𝜕y + �̂�3𝜕z)(�̂�1Ex + �̂�2Ey + �̂�3Ez)
=1̂(𝜕xEx + 𝜕yEy + 𝜕zEz)
+ �̂�3�̂�2(𝜕zEy − 𝜕yEz) + �̂�3�̂�1(𝜕zEx − 𝜕xEz)
+ �̂�1�̂�2(𝜕xEy − 𝜕yEx)

�̂�i�̂�j =

{
1̂ if i = j
−�̂�j�̂�i if i ≠ j

�̂�1𝜕x�̂�1EX = 1̂𝜕xEx
�̂�1𝜕x�̂�2Ey = �̂�1�̂�2𝜕xEy
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Vector Notation

D̂Ê =(𝜎1𝜕x + �̂�2𝜕y + �̂�3𝜕z)(�̂�1Ex + �̂�2Ey + �̂�3Ez)
=1̂(𝜕xEx + 𝜕yEy + 𝜕zEz)
+ �̂�3�̂�2(𝜕zEy − 𝜕yEz) + �̂�3�̂�1(𝜕zEx − 𝜕xEz)
+ �̂�1�̂�2(𝜕xEy − 𝜕yEx)

=1̂𝜌

D̂Ê =

{
∇ · E = 𝜌 (i = j)
∇ × E = 0 (i ≠ j) → E = ∇𝜙
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�̂� as Unit Vectors

D̂ = 𝜎1𝜕x + �̂�2𝜕y + �̂�3𝜕z

Ê = �̂�1Ex + �̂�2Ey + �̂�3Ez

D̂Ê =(𝜎1𝜕x + �̂�2𝜕y + �̂�3𝜕z)(�̂�1Ex + �̂�2Ey + �̂�3Ez)
=1̂(𝜕xEx + 𝜕yEy + 𝜕zEz)
+ �̂�3�̂�2(𝜕zEy − 𝜕yEz) + �̂�3�̂�1(𝜕zEx − 𝜕xEz)
+ �̂�1�̂�2(𝜕xEy − 𝜕yEx)

⇒∇ · E + ∇ × E

�̂�i ⇔ ei , �̂�i�̂�j ⇔
{

1 (i = j)
ei × ek (i ≠ j)
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Multi Vectors

�̂�i ⇔ ei �̂�i�̂�j ⇔ ei × ej �̂�i�̂�j�̂�k ⇔ ek · (ei × ej)

grade 0 1 2 3
unit 1̂ �̂�i �̂�i�̂�j �̂�i�̂�j�̂�k

object point line surface voume
components 1 3 3 1
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Magnetic Field with Pauli Matrices

B̂ = �̂�2�̂�3Bx + �̂�3�̂�1By + �̂�1�̂�2Bz

17 / 44



Magnetic Field Equation
Dirac Operator

D̂ = �̂�1𝜕x + �̂�2𝜕y + �̂�3𝜕z .

Magnetic Field
B̂ = �̂�2�̂�3Bx + �̂�3�̂�1By + �̂�1�̂�2Bz

D̂B̂ =(𝜎1𝜕x + �̂�2𝜕y + �̂�3𝜕z)(�̂�2�̂�3Bx + �̂�3�̂�1By + �̂�1�̂�2Bz)
=�̂�1(𝜕zBy − 𝜕yBz) + �̂�2(𝜕zBx − 𝜕xBz)
+ �̂�3(𝜕xBy − 𝜕yBx)
+ �̂�1�̂�2�̂�3(𝜕xBx + 𝜕yBy + 𝜕zBz)

⇒∇ × B + ∇ · B
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Electric and Magnetic Fields
D̂Ê =(𝜎1𝜕x + �̂�2𝜕y + �̂�3𝜕z)(�̂�1Ex + �̂�2Ey + �̂�3Ez)

=1̂(𝜕xEx + 𝜕yEy + 𝜕zEz)
+ �̂�3�̂�2(𝜕zEy − 𝜕yEz) + �̂�3�̂�1(𝜕zEx − 𝜕xEz)
+ �̂�1�̂�2(𝜕xEy − 𝜕yEx)

⇒∇ · E + ∇ × E

D̂B̂ =(𝜎1𝜕x + �̂�2𝜕y + �̂�3𝜕z)(�̂�2�̂�3Bx + �̂�3�̂�1By + �̂�1�̂�2Bz)
=�̂�1(𝜕zBy − 𝜕yBz) + �̂�2(𝜕zBx − 𝜕xBz)
+ �̂�3(𝜕xBy − 𝜕yBx)
+ �̂�1�̂�2�̂�3(𝜕xBx + 𝜕yBy + 𝜕zBz)

⇒∇ × B + ∇ · B
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Operator and Operand
Electric Field line: E = �̂�iEi

D̂Ê = (�̂�iDi)(�̂�jEj) = 1̂∇ · E + �̂�i�̂�j𝜖kij [∇ × E]k

Magnetic Field surface: B = �̂�i�̂�j𝜖kijBk

D̂B̂ = (�̂�iDi) (�̂�i�̂�jBj) = �̂�i [∇ × B] i + �̂�i�̂�j�̂�k∇ · B

grade 0 1 2 3
unit 1̂ �̂�i �̂�i�̂�j �̂�i�̂�j�̂�k

object point line surface voume
components 1 3 3 1

elec. ∇ · E E ∇ × E
mag. ∇ × B B ∇ · B
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4D Vectors

• Unit Vector: �̂�i ⇒ 𝛾𝜇

• Operator: D̂ = 𝛾t𝜕t + 𝛾x𝜕x + 𝛾y𝜕y − +𝛾z𝜕z

𝛾𝜇𝛾𝜈 + 𝛾𝜈𝛾𝜇 = 2𝜂𝜇𝜈

(𝜂: metric)
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3D ⇒ 4D
grade 0 1 2 3
unit 1̂ �̂�i �̂�i�̂�j �̂�i�̂�j�̂�k

object point line surface voume
components 1 3 3 1

elec. ∇ · E E ∇ × E
mag. ∇ × B B ∇ · B

grade 0 1 2 3 4
unit 1̂ 𝛾𝜇 𝛾𝜇𝛾𝜈 𝛾𝜇𝛾𝜈𝛾𝛼 𝛾𝜇𝛾𝜈𝛾𝛼𝛾𝛽

object point line surface 3-volume 4-voume
components 1 4 6 4 1
line-type 𝛿V̂ V̂ d̂V̂

surface-type 𝛿F F̂ d̂F̂
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Vector Equations: Static 3D EM Fields

• Operator:
D̂ = �̂�x𝜕x + �̂�y𝜕y + �̂�z𝜕z

• Operand:
• Line ⇒ Electric Field

Ê = �̂�1Ex + �̂�2Ey + �̂�3Ez

• Surface ⇒ Magnetic Field

B̂ = �̂�2�̂�3Bx + �̂�3�̂�1By + �̂�1�̂�2Bz
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Vector Equations: 4D
• Operator:

D̂ = 𝛾t𝜕t + 𝛾x𝜕x + 𝛾y𝜕y − +𝛾z𝜕z

• Operand:
• Line ⇒ Klein-Gordon

V̂ = 𝛾tV̂t + 𝛾xV̂x + 𝛾yV̂y − +𝛾zV̂z

• Surface ⇒ Maxwell

F̂ =𝛾t𝛾xEx + 𝛾t𝛾yEx + 𝛾t𝛾zEz

+ 𝛾y𝛾zBx + 𝛾z𝛾xBy + 𝛾x𝛾yBz
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The Klein-Gordon Equation
V̂ = 𝛾𝜇𝜕𝜇𝜙

D̂V̂ =𝛾t𝛾x (Vt,x − Vx,t) + 𝛾t𝛾y (Vt,y − Vy,t)
+ 𝛾t𝛾z (Vt,z − Vz,t) + 𝛾x𝛾y (Vx,y − Vy,x)
+ 𝛾z𝛾x (Vz,x − Vx,z) + 𝛾x𝛾y (Vx,y − Vy,x)

=1̂(Vt,t + Vx,x + Vy,y + Vz,z)
≡𝛿V̂ + d̂V̂

D̂V̂ =

{
𝛿V̂ = 0 → V̂ = ∇ · 𝜙
d̂V̂ = m2𝜙
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Electrostatic Field
E = ∇ · 𝜙

D̂Ê = + �̂�3�̂�2(𝜕zEy − 𝜕yEz) + �̂�3�̂�1(𝜕zEx − 𝜕xEz)
+ �̂�1�̂�2(𝜕xEy − 𝜕yEx)
+ 1̂(𝜕xEx + 𝜕yEy + 𝜕zEz)

=1̂𝜌

D̂Ê =

{
∇ × E = 0 (i ≠ j) → E = ∇𝜙
∇ · E = 𝜌 (i = j)
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Line-type: The Klein-Gordon Equation

D̂V̂ = (𝛿 + d̂)V̂ = m2𝜙

components 1 4 6 4 1
object point line surface 3-volume 4-voume

line-type 𝛿V̂ V̂ d̂V̂
surface-type 𝛿F̂ F̂ d̂F̂

V̂ = 𝛾𝜇𝜕𝜇𝜙
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Surface-type: Maxwell Equations

F̂ = 𝛾𝜇𝛾𝜈F𝜇𝜈 : F0i = Ei , Fij = 𝜖kijBk

𝛾t𝜕t (𝛾t𝛾xEx) = 𝛾x𝜕tEx , 𝛾x𝜕x (𝛾t𝛾xEx) = 𝛾t𝜕xEx ,
𝛾y𝜕y (𝛾t𝛾xEx) = 𝛾t𝛾x𝜕yEx ,

𝛾t𝜕t (𝛾y𝛾zBx) = �̂�𝛾x𝜕xBx , 𝛾x𝜕x (𝛾y𝛾zBx) = �̂�𝛾t𝜕xBx ,
𝛾y𝜕y (𝛾t𝛾xBx) = �̂�𝛾x𝜕yBx .
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Maxwell Equations

components 1 4 6 4 1
object point line surface 3-volume 4-voume

line-type 𝛿V̂ V̂ d̂V̂
surface-type 𝛿F̂ F̂ d̂F̂

D̂F̂ = 𝛿F̂ + d̂F̂ = J𝜇𝛾𝜇 ≡ Ĵ (1)

𝛿F̂ = Ĵ → ∇ · E = 𝜌 , 𝜕tE + ∇ × B = J

d̂F̂ = 0 → ∇ · B = 0 , 𝜕tB + ∇ × E = 0
→ ∇ × A = B
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EM Fields in Matrix Form

F̂ =𝛾t𝛾xEx + 𝛾t𝛾yEx + 𝛾t𝛾zEz

+ 𝛾y𝛾zBx + 𝛾z𝛾xBy + 𝛾x𝛾yBz

with Dirac Basis

F̂ =
©«

Bz Bx − iBy iEz iEx + Ey
Bx + iBy −Bz iEx − Ey −iEz

iEz iEx + Ey Bz Bx − iBy
iEx − Ey −iEz Bx + iBy −Bz

ª®®®¬
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Dirac Form

F̂ =
©«

Bz Bx − iBy iEz iEx + Ey
Bx + iBy −Bz iEx − Ey −iEz

iEz iEx + Ey Bz Bx − iBy
iEx − Ey −iEz Bx + iBy Bz

ª®®®¬
⇓

𝜓EM =
©«

Bz
Bx + iBy

iEz
iEx − Ey

ª®®®¬
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Maxwell Equations in Dirac Form
Operator: Derivative

D̂ = 𝛾t𝜕t + 𝛾x𝜕x + 𝛾y𝜕y + 𝛾z𝜕z

Operand: Wave Fields

𝜓EM =
©«

Bz
Bx + iBy

iEz
iEx − Ey

ª®®®¬
Maxwell Eqs. in Dirac Form

D̂𝜓EM = 𝛾𝜇𝜕𝜇𝜓EM = Ĵ
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Maxwell Form

Dirac Wave Function

𝜓EM =
©«

Bz
Bx + iBy

iEz
iEx − Ey

ª®®®¬ ⇒ 𝜓D =
©«
i𝛼0 + 𝛽z
𝛽x + i𝛽y
𝛼𝜔 + i𝜀z
i𝜀x − 𝜀y

ª®®®¬
Dirac Equation in Maxwell Form (massless)

𝜕t𝛼0 + ∇ · 𝜺 = 0, ∇𝛼0 + 𝜕t𝜺 − ∇ × 𝜷 = 0
𝜕t𝛼𝜔 + ∇ · 𝜷 = 0, ∇𝛼𝜔 + 𝜕t𝜷 + ∇ × 𝜺 = 0
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Wave Equations
• Operator:

D̂ = 𝛾t𝜕t + 𝛾x𝜕x + 𝛾y𝜕y + 𝛾z𝜕z

• Operand:
Translation: vector� �

• Line
Klein-Gordon: 𝜕2

t 𝜙 − 𝜕2
x 𝜙 − 𝜕2

y 𝜙 − 𝜕2
z 𝜙

• Surface
Maxwell: 𝜕tB + ∇ × E, etc.� �

Rotation: rotor� �
• Spin

Dirac: 𝛾𝜇𝜕𝜇𝜓D� �
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Summary
• 3D static fields are good excise for 4D fields.
• The Klein-Gordon, Maxwell, and Dirac equations are

expressed in similar forms.
• Klein-Gordon, Maxwell ⇒ Dirac Matrices
• Dirac ⇒ Vector Analysis

• Differential Operators are identical.
• Operand (wave field) makes difference, not

Operators.

Equation Field Matrix Vector Analysis
Klein-Gordon line DV = m𝜙 ∇2𝜙 = m2𝜙

Maxwell surface DF = J 𝜕tE + ∇ × B = J, etc.
Dirac rotation D𝜓D = m𝜓D ∇ · 𝛼0 + 𝜕t𝜺 − ∇ × 𝜷 = m𝜺 , etc.
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Geometric Algebra
Vector Calculations
• Component Calculation
• Quaternion (Hamilton)
• Exterior Algebra (Grassmann)
• Clifford Algebra (Clifford)
• Vector Analysis (Gibbs, Heaviside)
• Differential Form (Cartan)
• Geometric Algebra (Hestenes)

Algebraic Relation for Geometric Algebra

𝛾𝜇𝛾𝜈 + 𝛾𝜈𝛾𝜇 = 2𝜂𝜇𝜈

39 / 44



3D ⇒ 4D
grade 0 1 2 3
unit 1̂ �̂�i �̂�i�̂�j �̂�i�̂�j�̂�k

object point line surface voume
components 1 3 3 1

elec. ∇ · E E ∇ × E
mag. ∇ × B B ∇ · B

grade 0 1 2 3 4
unit 1̂ 𝛾𝜇 𝛾𝜇𝛾𝜈 𝛾𝜇𝛾𝜈𝛾𝛼 𝛾𝜇𝛾𝜈𝛾𝛼𝛾𝛽

object point line surface 3-volume 4-voume
components 1 4 6 4 1
line-type 𝛿V̂ V̂ d̂V̂

surface-type 𝛿F̂ F̂ d̂F̂
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Structured Data

• Non-structured:
DayOfWeek:= 3 ;
ThreeDaysLater:= DayOfWeek + 3 ;

if(ThreeDaysLater > 7)...

• Structured:
type DofW: {sun,mon,tue,wed,ths,fri,sat} ;
var DayOfWeek: DofW ;

DayOfWeek:= wed ;

ThreeDaysLater:= DayOfWeek + 3 ;
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Exterior Algebra
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Vectors vs Rotors
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